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Abstract-Thermal radiation across radiatively non-participating horizontal fluid layers increases the 
critical Rayleigh number by affecting the thermal boundary conditions. Modification of the convective 
boundary condition by radiation can be characterized by two modified Biot numbers that include a 
radiative contribution. Disturbance amplitude ratios needed to calculate the modified Biot numbers are 
presented. The wave number of the most unstable disturbance is shown to depend primarily on critical 
Rayleigh number and only weakly on the ratio of the modified Biot numbers, thus facilitating engineering 

applications. 

INTRODUCTION THEORY 

SOME TIME ago Sparrow et al. [l] showed that con- 
vective boundary conditions affect thermal stability in 
the horizontal layer heated from below. A disturbance 
in the layer is damped by thermal dissipation as well 
as viscous dissipation, as is shown by the presence of 
thermal conductivity in the Rayleigh number [2]. Less 
than perfectly conducting horizontal boundaries do 
not damp thermal perturbations as strongly in the 
vicinity of the walls, and this effect can lower the 
critical Rayleigh number from 1708 for perfectly con- 
ducting walls to 720 for poorly conducting walls. 
Radiation transfer from walls through a dia- 
thermanous gas has been shown to increase thermal 
stability in honeycombs [3], and a similar effect is 
expected for horizontal layers. 

The single layer 
The linearized time-independent perturbation 

equations governing the non-dimensional tem- 
perature disturbance 0 * and non-dimensional z-vel- 
ocity component IV* are [2] 

(Dj -a*)fI* = - Pr W* (1) 

(Df-a’)FV* = a2Gr8* (2) 

(D,Z-a2)‘8* = -aZRa~‘. (3) 

In the problem treated by Sparrow et al. the boundary 
conditions are zero velocity, zero first derivative of 
W* (from continuity), and continuity in heat flux and 
temperature at the upper and lower boundaries 

The effect of thermal boundary conditions on mul- 
tiple layers has been addressed in a series of papers by 
Catton and Lienhard 14-61. Here too the presence of a 
less than perfectly conducting solid midlayer between 
fluid layers has the effect of lowering critical Rayleigh 
number. However, when the midlayer exchanges heat 
by radiation with the upper and lower boundaries, 
the radiation acts to damp thermal perturbations and 
tends to stabilize the fluid layers. 

w* = 0, z* = 0,l 

D,W*=O, z*=O,l 

D,fI* = BioB*, z* = 0 

Dp = -Bi,f3*, Z* = 1 

where the Biot numbers at the lower and upper bound- 
aries are 

In what follows the radiative interaction for the 
single horizontal layer and two symmetric horizontal 
layers separated by a thin dielectric film is developed. 
It is shown that the radiative interaction depends upon 
the wave number of the disturbance and the ratio of 
temperature perturbation amplitudes on the hori- 
zontal boundaries. The needed amplitudes are cal- 
culated in the manner of Sparrow et al. [l], and the 
wave number of the most unstable disturbance is 
found as a function of the governing dimensionless 
parameters. 

BiO = !!!$, Bi, = !%!/. (7a, b) 

When the fluid is transparent, radiation can no longer 
be considered a contributor to heat conduction in the 
fluid through the Rosseland diffusion equation, but 
must be considered separately. Thus the heat flux 
balance at the lower wall (in dimensional variables) 
has a radiant flux q,, in addition to the fluid conduction 
and boundary conduction terms, as shown in Fig. 1 

h&r’,,~-T(x,O)) = -Kg + 40. (8) 
z-0 

(4) 

(5) 

64 

(6b) 
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NOMENCLATURE 

“B 
dimensionless perturbation wave number [ horizontal variable of integration 
black body radiosity e vertical dependence of temperature 

Bi Biot number perturbation T’, equation (10) 

& 

speed of light V photon wave number 
dimensionless derivative with respect to p boundary or film spectral reflectivity 
z (L d/dz) 0 Stefan-Boltzmann constant 

F transfer factor Z film spectral transmissivity. 

F, shape factor 
Gr Grashof number Subscripts 
h Planck constant C conductive-convective boundary 
h,, h, heat transfer coefficients condition 
K fluid conductivity e external to the fluid layer boundary 
k Boltzmann constant r radiative boundary condition 
L fluid layer thickness spectral radiation quantity 
Pr Prandtl number ; lower boundary at z* = 0 

4 radiant heat flux 1 upper boundary at z* = 1 

& ratio of the temperature perturbation I coordinate system in the lower fluid layer 
amplitudes at the upper and lower of the symmetric two fluid layer 
boundaries, equation (24) system 

Ra Rayleigh number II coordinate system in the upper fluid layer 
S(a) spatial attenuation factor, equation (19) of the symmetric two fluid layer 
T temperature system. 
W vertical dependence of z-component of 

velocity Superscripts 
x horizontal coordinate * dimensionless variable 
Z vertical coordinate. mean quiescent quantity 

, perturbation quantity 
Greek symbols + radiant heat flux leaving a surface, 

6 radiosity perturbation amplitude, radiosity 
equation (17) - radiant heat flux falling on a surface, 

E boundary or film spectral emissivity irradiation. 

q,,= h,,,(W) -T,,J i3T' 
-Ka, = -h,,oT’-q; (11) 

qCo= h,,(T,-T(W)) 

FIG. 1. The single layer. 

where qb remains to be evaluated. 
For small temperature perturbations, the spectral 

black body radiosity B, may be expanded in terms of 
a base value B, plus a perturbation B:. For example, 
at z = 0 the x-variation in B, is 

R,(x) = B,(~(O))+T’(x,O)(aB,/aT).=t,o, (12) 

Linear stability theory assumes small perturbations 
of temperature about the mean quiescent temperature 
profile 

T(x, z) = T(z) + T’(x, z) (9) 

and disturbances in the form 

T’(x, z) = 0(z) cos ax* (10) 

where a is the dimensionless wave number. Intro- 
ducing equation (9) into equation (8), subtracting the 
mean heat balance equation, and arranging into the 
form of Sparrow et al. gives 

where B,(T) is given by Planck’s equation 

B,(T) = 2xhc2v3/(exp (hcv/kT) - 1). (13) 

(For a ‘gray’ analysis, one would replace B, with aT4 
and aB,IaT with 4aT’ in equation (12) and the equa- 
tions that follow.) A radiosity-irradiation for- 
mulation may then be used for diffuse boundaries 
to relate net perturbation heat flux to T’(x,O) and 
T’(x, 1). The spectral radiosity of the lower boundary 
is 

q&(x) = Q&W +po&,(x) (14) 

where the irradiation is contributed by the shape- 
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FIG. 2. The spatial attenuation factor S(a). 

factor-weighted average of the upper boundary 
radiosity 

where the shape-factor kernel is [7] 

dl;,_ L2 
dr; - 2[L2+(2]3’2’ 

Similar relations hold for the upper boundary. 
The perturbation term in equation (12) when intro- 

duced into equation (14) and the upper boundary 
relations introduced into equation (15) show that the 
radiosity and irradiation are composed of mean and 
perturbation quantities. The upper radiosity in the 
form of 

q:1 (x) = 4; + a,, cos (ax*) (17) 

gives rise to an irradiation on the lower boundary 

given by equation (15) 

q”;(x) = 4: +6,,s(u)cos(ux*) (18) 

where the spatial attenuation factor is 

s 

m 
S(a) = 

dK 
--m 

cos (a[*) dT*d[*, [* = l/L. (19) 

The perturbation irradiation is thus seen to be related 
to the perturbation radiosity by 

G’(X) = q:,‘(x)S(a). (20) 

It is evident that S(u) shown in Fig. 2 plays the role of 
a geometric transmissivity that attenuates the radiant 
perturbation crossing the fluid layer. Note that all the 
radiation perturbation quantities are in phase with 
the temperature perturbation ; all go as cos (ax*). 

The net perturbation radiant heat flux at the lower 
plate follows from the perturbation form of equations 
(14), (20), and the corresponding equations for the 
upper boundary, which can be obtained by inter- 
changing subscripts 0 and 1. After integration over all 
photon wave numbers, there results 

FIG. 3. Perturbation radiant fluxes in a twin layer. 

d,(x) = f’ohr,oT’(x, 0) -&,h,, T’(x, 1) (21) 

where the total transfer factors are 

and h, denotes the T-derivative of the total black body 
radiosity 

/I,,~ = 4&‘(O), h,, = 4&=“(l). (23a, b) 

Equation (21) can be substituted into equation (11) 
and made dimensionless for comparison to the bound- 
ary condition of Sparrow et al. This and the upper 
boundary condition can be made to appear in the 
same form by introducing the ratio of the dimen- 
sionless temperature perturbation amplitudes of the 
boundaries 

RB = 6*(1)/0*(O). (24) 

With this artifice, equation (1 l), the lower boundary 
condition, becomes 

D,0* = BioO*, z+ = 0 (25) 

where the new total Biot number is composed of three 
components 

Bio = Bic,o + F. Bi,,o - F,, Bi,,, & (26) 

Bic*o = h,,L/K, Bi,,o = h,,L/K, Bi,,, = h,,L/K. 
(27a-c) 

Twin layers 
The problem of two symmetric horizontal layers 

separated by a thin dielectric film can be treated by 
an extension of the single layer analysis. The outer 
boundaries must have the same total Biot numbers. 
For example, two layers of the same fluid and of equal 
thickness could have the same boundary emissivities 
and heat transfer coefficients, and the top and bottom 
surfaces of the film the same ernissivity and reflectivity 
for symmetry. Subscripts 0, 1, and 2 are used to denote 
the lower boundary, film, and upper boundary, 
respectively. A specularly reflecting and transmitting 
6lm as shown in Fig. 3 is assumed, but the boundaries 
are again taken to be diffuse. 

With the assumption of a specular film the radiosity 
irradiation equations can be written in terms of only 
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FIG. 4. Film perturbation heat balance for the twin layer. 

the outer boundaries. Proceeding as before the per- 
turbation heat fluxes may be found. The perturbation 
heat flux condition at the lower boundary remains as 
equation (11). That for the film is 

where the net perturbation spectral radiative flux from 
the film is the emission minus the absorption on each 
side as shown in Fig. 4. Note that E, is a spectral 
quantity that is both emissivity and absorptivity 

q:, = 2&,B:, -c,S(a)q$‘-t,S(a)q:,‘. (29) 

Introducing the boundary radiosities into equation 
(29) and integrating over all photon wave numbers 
gives the net perturbation total radiative flux in the 
form 

4; = F,h,, T’(x, 1) -F,,h,,T’(x, 0) -F,*hr,*~(X, 2). 
(30) 

The total transfer factors are integrals of the spectral 
ones 

h,J, = 
s 

m 
F,,(W/W,=rc,,dv (31a) 

0 

f 

cc 
h,,,F,, = Fv,k%la%=~(z) dv (3lc) 

0 

and the spectral transfer factors are 

F,, = zE, -F bo+P2+2PoP*(~l -_p,v3m)l 
02 

(324 

Wb) 

Fv12 = F,,, = ; [1 +Po(~, -_P, )S(241W,S@) 
02 

(32~) 

where 

002 = U -PoP1~(2~)l[l--P2P,~(2~)1 

-~,,&S’(2u). (32d) 
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FIG. 5. Contours of constant amplitude ratio RB as a function 
of Bi, and Bi, 

The perturbation radiant flux on the lower boundary 
is 

qb = F,h,,T’(x, 0) -i&h,, T’(x, 1) --&,hr,2~(~, 2) 

(33) 

where the new total transfer factors in equation (33) 
result from spectral integration of 

(344 

F _ ~0~2~W4 

PO2 - 
DO, 

Wb) 

as in equations (31a)-(31~). Note that the plot of S(u) 
is extended to 2u = 6.2 in Fig. 2 to accommodate 
values of a as large as 3.1. 

To reduce the symmetric two-layer problem to the 
one-layer problem, a new coordinate system is intro- 
duced as shown in Fig. 4 

z: = z,/L (354 

z:1 = %lL, z,, = 2L-z. (35b) 

In this coordinate system the governing equations and 
boundary conditions for the upper layer are identical 
to those written in terms of z: for the lower layer. 
Accordingly the solution for thermal stability of each 
layer is the same as for the single layer with new Biot 
numbers defined from the introduction of equations 
(30) and (33) into the perturbation heat balances, 
equations (11) and (28). The modified Biot numbers 
are 

Bi, = Bic,o + (F,, -F,,,)Bi,,, - F,, Bi,, RB (36) 

Bil = :[F, % -(FI;o+E;~)&,/&I. (37) 

RESULTS 

Because of the need for amplitude ratio R, in the 
modified Biot numbers, and the need for arbitrary 
Biot numbers simultaneously on each boundary, it 
was necessary to repeat and extend the calculations 
of Sparrow et al. Figure 5 shows contours of constant 
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FIG. 6. Contours of constant critical wave number as a 
function of Bi,, and Bi, 
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FIG. 7. Contours of constant critical Rayleigh number as a 
function of BiO and Bi, . 

RB as a function of BiO and Bi,. The wave number a 
which minimizes the critical Rayleigh number is also 
needed to calculate S(a) and S(2a) in the transfer 
factors which contribute to the Biot numbers. Figure 
6 shows contours of critical wave number vs Biot 
numbers. Clearly, for practical calculations, an iter- 
ative procedure must be followed. With trial values of 
say RB = 1 and a = 3, first values of Bio and Bi, are 
calculated, and these values are used to enter Figs. 5 
and 6 to improve the trial values, and refined values 
of Bi, and Bi, are found. It then remains to find Ra 
vs Bi,, and Bi,. For this purpose Fig. 7 is convenient. 

Note that Figs. 5-7 are symmetric about the line 
Bi,, = Bi,. On Fig. 7 the contour for Ra = 1296 is 
shown because it is the value for BiO = 0 and Bi, = 00 
or vice versa. 

DISCUSSION 

The similarity displayed by Figs. 6 and 7 suggested 
a plot of critical Rayleigh number vs critical wave 
number. Since Ra and a are functions of Bio and Bi,, 
a cross-plot of Ra vs a is a function of one Biot number 
or the ratio Bi,,JBi,,,~,. Figure 8 shows points plotted 
without regard for the ratio. The plot therefore 
appears as a band, but the width of the band is narrow. 
As both Bio and Bi, both approach zero, wave number 
goes to zero at Ra = 720, as shown by Sparrow et al. 

L.:::.:::::;:.: :::.: 
800 1000 1200 1488 1600 

Crttlcal Rayleigh Number 

FIG. 8. Critical wave number vs critical Rayleigh number. 
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FIG. 9. Critical wave number vs critical Rayleigh number for 
selected Biot number ratios. 

As Bi,, and Bi, both approach infinity, wave number 
goes to the well-known result a = 3.117 at Ra = 1708. 
At either extremity of Fig. 8 the band is quite narrow. 
Only in the vicinity of Ra = 1296 shown magnified in 
Fig. 9 is there a spread from approximately a = 2.55 
to 2.65 as B,,/B,,, goes from 0 to 1, a variation of 
only 4%. Thus for practical calculations Fig. 8 may 
be used in place of Fig. 6 or 7. 

Some feeling for the practical import of the present 
results may be gained from a short example. Consider 
a non-selective black solar collector with the absorber 
plate and coverglass approximated as black and at 
prescribed temperatures (ho and hz large) separated 
by two 10 mm air gaps about a Teflon film, approxi- 
mated as having a total emissivity of 0.28 and infra- 
red reflectivity and transmissivity of 0.08 and 0.64, 
respectively. If one neglected the radiant interaction, 
one would have Bi, = CC and Bi, = 0 to give 
Ra = 1296. Considering the radiant interaction (with 
properties evaluated at 325 K) gives from equations 
(36) and (37) Bi, = 0.77, and Bi, = co. Figure 7 then 
indicates Ra is approximately 1380. 
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EFFET DU RAYONNEMENT DES FRONTIERES SUR LA STABILITE THERMIQUE 
DES COUCHES HORIZONTALES 

R&m&--Le rayonnement thermique a travers des couches horizontales de fluides neutres vis-a-vis du 
rayonnement, augmente le nombre de Rayleigh critique en modifiant les conditions aux limites thermiques. 
Une modification de condition par le rayonnement peut %tre caracttrisee par deux nombres de Biot modifies 
qui incluent la contribution radiative. On presente les rapports d’amplitudes de perturbations n&cessaires 
pour calculer ces nombres. Le nombre d’onde de la perturbation la plus instable depend principalement 
du nombre de Rayleigh critique et seulement faiblement du rapport des nombres de Biot modifes, ce qui 

facilite les applications pratiques. 

DER EINFLUSS DER WARMESTRAHLUNG VON BEGRENZUNGSWiiNDEN AUF DIE 
STABILITiiT VON WAAGERECHTEN SCHICHTEN 

Zusammenf assung-Warmestrahlung durch die horizontalen Schichten eines Fluids, das am Strahlungs- 
austausch nicht teilnimmt, erhijht die kritische Rayleigh-Zahl iiber eine Anderung der thermischen Rand- 
bedingungen. Die Anderung der konvektiven Randbedingung durch Strahlung kann durch zwei 
modilizierte Biot-Zahlen beschrieben werden, die einen Strahlungsanteil beinhalten. Die Amplitudenverhalt- 
nisse der Storungen, die filr die Berechnung der modifizierten Biot-Zahl notig sind, werden vorgestellt. 
Die Wellenzahl der am wenigsten stabilen Stiirung hiingt vor allem von der kritischen Rayleigh-Zahl und 
nur wenig vom Verhlltnis der modifizierten Biot-Z’ahlen ab und erleichtert so die 

Anwendung in der Praxis. 

B.JImHWE MSJIYrIEHWII HA FPAHAHE HA TEI-IJIOBYKI YCTOi+IEiB~b B 
f-OPK3OHTAJIbHbIX CJIOIIX 

~Pamnu.r~orrm&i Tennonepenoc B HemrJry=iaro~ rOpH30HTBJIbHMX CJIOXX XcUUKmH, 

MCapIl TenJIOBbIC ~eycnoeaa,yBcwvsBaeTnparwecroerurcnoP3nea. Bmumewpemu Ha 

~ey~OB~~~KO~~MO~OO~~H30~TbAsyMaMO~~~~~~ 

~EO,~rr(HMaBlcnaLl~¶e~.n~~~~e~COOTROIueHHn~pB~eTBMoLM~~~- 

HblX PllCen &iO. ~OXB3Bii0, -ITO BOJlHOBOe 'IECJIO flBdOJK% HeyCTOikiBOrO B03MyUWUiB rJMBIfbIM 

06pa3ohi ~BBECAT OT ~p~ec~oro gacna F!mem A c~1a60 OTCOOTHO~~HIW ~om@iuupoeruMbot PHCen 

6~0, wo o6nernaer rexnmrecnoe npsmrenemre srnx BYBOAOB. 


